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D Course Syllabus
et it et 4t

» Chapter 1: Numbers, Sets, and Functions.
» Chapter 2: Limits and Continuity.
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Chapter 2 Topics

——t L

Definition of Limit.
~inding Limits Graphically and Numerically.

_imit Laws.

 One-Sided Limits.
* Infinite Limits.
« Continuity.
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Definition of Limit (1/8)
et
 The limit 1s one of the tools that we use to describe the

behavior of a function as the values of x approach, or
become closer and closer to, some particular number.
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) Definition of Limit (2/8)
e i Sl s

How does the function

x% —1

x—1

flx) =

behave near x = 1 ?
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Definition of Limit (3/8)
e i Sl s

How does the function D(f) =R - {1}
x?—1

x—1

flx) =

behave near x = 1 ?

we can simplify the formula by factoring the numerator and
canceling common factors:

fx) = (/X/;E—I_l) =x+1 for x#1
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an Definition of Limit (3/8)
Y

How does the function D(f) =R - {1}
()_x2—1_ +1 forx#1
f(x) = 1 =% or x
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Definition of Limit (4/8)

elibuoil lSilly Sluwlall duls

How does the function D(f) =R - {1}
()_x2—1_ +1 forx#1
f(x) = 1 =% or x

x approaches to 1 > < x approachesto 1

X 0.9 | 0.99 | 0.999 | 0.9999 1 1.0001 | 1.001 | 1.01 | 1.1

f(x) | 1.9 1 1.99 [1.999 | 1.9999 | — | 2.0001 | 2.001 | 2.01 | 2.1

f (x) approaches to 2 > < f (x) approaches to 2
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@ Definition of Limit (4/8)
e i Sl s

How does the function D(f) =R - {1}
()_x2—1_ +1 forx#1
f(x) = 1 =% or x

We would say that f(x) approaches the limit 2 as x
approaches 1, and write

lim f(x) =2, or limxz_1 =2
x—1 7 x—}lx—l_
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Definition of Limit (5/8)
e i Sl s

Definition:

« Suppose f(x) Is defined when x Is near the number a.
(This means that f Is defined on some open interval that
contains a, except possibly at a itself.) Then we write

lim f(x) =L

X—>d

“the limit of f(x), as x approaches a, equals L”
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an Definition of Limit (6/8)
Y

lim f(x) = L

In all three cases

L /—\

=Y

Case 1 0 a
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Definition of Limit (7/8)

elibuail dsillg Olaawlall dgls
lim f(x) =L
X—a

In all three cases

=Y

Case 2 0 a
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Definition of Limit (8/8)

elibuail dsillg Olaawlall dgls
lim f(x) =L
X—a

In all three cases

L 7

=Y

Case 3 0 P
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 What happens to f(x) = x? — x + 2 when x is a number

very close to (but not equal to) 2 ?

X f&) X f&)
1.0 2.000000 3.0 8.000000
L.5 2.750000 25 5.750000
1.3 3.440000 2.2 4.640000
1.9 3.710000 2.1 4.310000
[.95 3.852500 2.05 4.152500
.99 3.970100 2.01 4.030100
1.995 3.985025 2.005 4.015025
1.999 3.997001 2.001 4.003001

©Ahmed Hagag
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flx)

approaches

4.

Y

\

Finding Limits (1/3)
et i et 4t

Example 1 (1/2):

0

_."2"‘:_

As x approaches 2,

=




Finding Limits (1/3)
et i et 4t

Example 1 (2/2):

 What happens to f(x) = x? — x + 2 when x is a number
very close to (but not equal to) 2 ?

VA

F(x)
approaches
4.

lim (x2 — x + 2) = 4 \

x—?2

=

0

_."2"‘:_

As x approaches 2,
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Finding Limits (2/3)
ey -

Example 2 (1/4):

x> — 2x? _
» What happens to g(x) = ——, Whenxis2?
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Finding Limits (2/3)
e L o -

Example 2 (2/4):

x> — 2x? _
» What happens to g(x) = ——, Whenxis2?

The function g(x) is undefined when x = 2,
since the value x = 2 makes the denominator O.
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Finding Limits (2/3)
e i Sl s

Example 2 (3/4):

x> — 2x? _
» What happens to g(x) = ——, Whenxis2?

x approaches 2 from left x approaches 2 from right
x 19 199 1.999 1.9999 22,0001 2.001 2.01 2.1

g(x) 361 39601 3.996001 3.99960001 400040001  4.004001  4.0401 441
f(x) approaches 4 ‘[ f(x) approaches 4
Undefined
lim g(x) = 4
x—2
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Finding Limits (2/3)
ey -

Example 2 (4/4):

x> — 2x? _
» What happens to g(x) = ——, Whenxis2?

g(x) simplifies to

x=—2 y=g(x)

provided x # 2.

Limit is 4

1 — 1 2:
fysle) = fipe =4

=t

2
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@

Example 3:

Finding Limits (3/3)
e i Sl s

Determine lim 4(x) for the function % defined by

x—2

o=

if x # 2,
ifx = 2.

lim A(x) = lim x? = 4.

x—2

©Ahmed Hagag

x—2

y

4 Limit is 4
y = h(x) T

1 o2, 1)
—t— —t—
3 -2 -1 0 1] 2 3 *




¢ — & Definition of Limit (1/2)
Lt
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¢ — & Definition of Limit (2/2)
Ll o

Let f be a function defined on an open interval containing ¢ (except possibly
at ¢), and let L be a real number. The statement

lim f(x) = L

X—=c

means that for each ¢ > 0 there exists a & > 0 such that if

0<|x—c|<5

L+¢e+

then (c, L)

/&) — L| < & Lol

The Precise Definition of a limit s

©Ahmed Hagag Calculus 22




@ Limit Laws (1/20)
ey

Suppose that ¢ i1s a constant and the limits

Rules for Limits

lim f(x) and lim g(x) exist.|Then

X—a X—=a

1. lim [f(x) + g(x)] = lim f(x) + lim g(x)
2. lim [f(x) — g(x)] = lim f(x) — lim g(x)

3. lim [cf(x)] = ¢ lim f(x)

4. lim [£(x)g(x)] = lim f(x) - lim g(x)

£(x) lim f(x)

X—>d

5. Iim = — if lim g(x) # 0
x—a g(x) lim g(x) roa Y

Xl
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@ Limit Laws (2/20)
ey

6. lim[f(x)]" = [ljm f (,r)]” where n is a positive integer
7. llmc=c 8. limx=a

n

9. limx"=a where n 1s a positive integer

X—a

10. lim ¢/x = {/a  wherenisa positive integer

X—d

(If n 1s even, we assume that a > 0.)

11. lIim /f(x) = \/ lim f(x)  where n is a positive integer

Xx—a X—>a

[If n is even, we assume that lim f(x) > 0.:|

X—da
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@ Limit Laws (3/20)
e

Example 1: Evaluate the following limit (1/2)

lim (2x* — 3x + 4)

x—5

©Ahmed Hagag Calculus 25




Limit Laws (3/20)
=l

Example 1: Evaluate the following limit (2/2)

lim (2x* — 3x + 4)

x—5

= lim (2x*) — lim (3x) + lim 4

x—5 x—5 r—5

=21limx*—3limx + lim 4

x—5 x—5 xX—5

=2(5%) — 3(5) + 4

= 39
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@ Limit Laws (4/20)
e e S

Example 2: Evaluate the following limit (1/2)
X+ 2xr -1
Iim

x——2 5 — 3x
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Limit Laws (4/20)
=l

Example 2: Evaluate the following limit (2/2)

3 2
. x° +2x°— 1 . 3 2
lim Jim) (7 + 27 — 1)
x——2 5 — 3x = lim_ (5 — 3x)
lim x* + 2 lim x> — lim 1
_ x——2 x——2 x——2

Im 5 — 3 Iim x
x—>—2 x—>—2

(=2 +2(=2) — 1
a 5 — 3(—2)

L
11
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Limit Laws (5/20)

e i
Limits of Polynomial and Rational Function

Limit of a Polynomial Function Let p(x) be a polynomial
function, a any real number. Then,

lim p(x) = p(a)

Limit of a Rational Function Let r(x) = p(x)/q(x) be a rational

function, where p(x) and g(x) are polynomials. Let a any real
number such that g(a) # 0. Then,

chl_r)rcll r(x) =r(a)
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@ Limit Laws (6/20)
e

Recall: Example 1: Evaluate the following limit

lim (2x* — 3x + 4)

x—5

=2(5%) — 3(5) + 4

= 39
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Limit Laws (7/20)
=l

Recall: Example 2: Evaluate the following limit
X+ 2xr -1
Iim

x——2 5 — 3x

(—=2) + 2(—2)* — 1
B 5 — 3(—2)
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& Limit Laws (8/20)
—r

The Limit of a Function Involving a Radical

Let n be a positive integer. The limit below is valid for all a when
n i1s odd, and is valid for a > 0 when n is even.

lim Yx = Ya

X—a
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@ Limit Laws (9/20)
e

Example 4: Evaluate the following limit (1/2)

X2 =x-1
Iim

=3 Vx + 1
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&) Limit Laws (9/20)
—r

Example 4: Evaluate the following limit (2/2)

=-x—=1 lim (x2 — x — 1)

Iim x—3
=3 Vx + 1 lim Vx + 1

x—>3

lim (x> — x — 1)

x—3

Vi1im (x + 1)

x—>3
32 —3 — 1
V3 + 1
5

V4
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Limit Laws (10/20)
et i et 4t

Limits of Trigonometric Functions

Let a be a real number in the domain of the given trigonometric
function.

|
' : : : : |
' limsinx = sina lim cosx =cosa
. X—a xX—a |
, |
' |
, limtanx = tana lim cotx = cota
L X—a xX—=a :
' |
, |
. lim secx = seca limcscx =csca |
: xX—a X—a |

|
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Limit Laws (11/20)
et

Limits of Trigonometric Functions (Examples)

a. lim tan x = tan(0) = 0

x—0
b. lim (x cos x) = (lim x) (lim oS x) = mcos(m) = —n

¢. lim sin’?x = lim (sinx)? = 0> =0
x—0 x—0
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@ Limit Laws (12/20)
ey

Example 5: Evaluate the following limit (1/3)

oxt—1
Iim
—1 x — 1
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@ Limit Laws (12/20)
ey

Example 5: Evaluate the following limit (2/3)

oxt—1 0
Iim = —
—1 x — 1 0
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Undetermined Value
el

Undetermined (Indeterminate) values

0(o0) 0° 1 0!

) e
I+‘I+
818

8

I

8

Determined values

o+ =00|—00—0=—0|0P=0|0"®=00|w:-0=00
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@ Limit Laws (12/20)
ey

Example 5: Evaluate the following limit (2/3)

oxt—1 0
Iim = —
—1 x — 1 0

Dividing Out
Technique
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Limit Laws (12/20)
el

Example 5: Evaluate the following limit (3/3)

RN it U Dividing Out
—1 x — 1 Technique
o x—=Dx+1
= ]im
x—1 x — 1
= liml (x + 1)
=1+1=2
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@ Limit Laws (13/20)
ey

Example 6: Evaluate the following limit (1/4)
y x3 —1

1m

x-»1 x—1
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Limit Laws (13/20)
L o

Example 6: Evaluate the following limit (2/4)

}Ci_rﬁ — :g =PE}(X_1)JEX2__I;X+1)
=hm(.r.”‘17(x2+x+1)
x -1 (—T)
=chiil}(x2—|—x—l—l)
=12+1+1
=3
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Limit Laws (13/20)
L o

Example 6: Evaluate the following limit (3/4)

x3_1 o

lim =3| _ s x—Dx*+x+1)

x=1 x —1 _xlil} x — 1
_hm(x"ﬂ(xz—l—x—l— 1)

x> (x—T]

= lin}()c2 +x+ 1)
=12+1+1
=3
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@ Limit Laws (13/20)
ey

Example 6: Evaluate the following limit (4/4)
x3 —1

lim =3
x->1 x—1
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@ Limit Laws (14/20)
ey

Example 7: Evaluate the following limit (1/4)
Vx — 2|

lim =
x—4 x — 4

0
0
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Limit Laws (14/20)

e ——
Example 7: Evaluate the following limit (2/4)

 Vx =2
Iim

x—4 x — 4

©Ahmed Hagag

0
0

Rationalizing
Technique

Multiplying by the
conjugate

47



@ Limit Laws (14/20)
ey

Example 7: Evaluate the following limit (3/4)

. Vx — 2 0 Rationalizing
11M -0 &
=1 x — 4 0 Technique
Multiplying by the
conjugate

Vx—2 Vx+2  (Vx)—2
x—4 Ve +2 (x — 4)(Vx + 2)
x — 4 B |
(x —4)(Vx +2) Vx+2
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an Limit Laws (14/20)
et i et 4t

Example 7: Evaluate the following limit (4/4)

o Vx—2| 1
lim =7
x—4 x — 4

Rationalizing
Technique

Multiplying by the
conjugate

1 1 1 |
1 — —
Afé't\f+2 V4 +2 242 4
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@ Limit Laws (15/20)
ey

Example 8: Evaluate the following limit (1/5)

Jx+1 -
fim YA L]
x—- 0 X

©Ahmed Hagag Calculus 50




@ Limit Laws (15/20)
ey

Example 8: Evaluate the following limit (2/5)

Jr+1-1] o0
fim YX L1 0
x—- 0 X 0
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Limit Laws (15/20)
et

Example 8: Evaluate the following limit (3/5)

CoJx+1—1
lim x :(m—l)( x—l—l—l—l)
X x+1+1
(x+1)—1

x(«\/x—l— 1 + 1)
X
x‘(\/x—l— 1 + 1)
1
BNCES NS

©Ahmed Hagag Calculus 52
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@ Limit Laws (15/20)
ey

Example 8: Evaluate the following limit (4/5)

Jx+ 1 —

fim YA L]

x-0 X . 1
= lim
=0 /x+ 1+ 1
1
1+ 1
_| 1
2
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@ Limit Laws (15/20)

elibuoil lSilly Sluwlall duls

Example 8: Evaluate the following limit (5/5)

: -\/)C + 1 —1 1 y
Iim = z ) ﬁ
x-0 X {ﬂ”: x+ 1 -1
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Limit Laws (16/20)
ey

The Squeeze (Sandwich/Pinching) Theorem (1/2)

If h(x) < f(x) < g(x)
when x Is near a (except possibly at a) and

= lim g(x) = lim h(x) =L
X—a X—a
Then
Iim f(x) =L

X—a
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@ Limit Laws (16/20)
ey

The Squeeze (Sandwich/Pinching) Theorem (2/2)

y
A

h(x) < f(x) < g(x)

flies in here.
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an Limit Laws (17/20)
et i et 4t

Example 1:

Given that

2 2

1—%§u(x)§1—1—% forall x # 0

find limy_,o u(x), no matter how complicated u is.
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Limit Laws (18/20)
e i Sl s

Example 1: x2 x?
1_Z < u(x) gl—l—? forall x # 0

Since
lim (1 (/) ) =1 and Ll (14 (*/2)) =1

the Squeeze Theorem implies that lim,_,o u(x) =1
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Limit Laws (18/20)
=t

Example 1: : x2
<u(x) < 1—|—? forall x # 0
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Limit Laws (19/20)
Lt

Example 2:

Using the Sandwich Theorem:
IfvV5—2x2 < f(x) <V/5—x2for -1 <x <1,
find limy o f(x).
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Limit Laws (20/20)
et el Sl i

Example 2:

IfvV5—2x2 < f(x) <V5—x2for -1 < x <1,

Since
lim /5~ 222 = /5 -2(0)2 = V5
x—0
lim /5 — x2 = \/5— (0)2 = V/5,
x—0

then by the sandwich theorem, lim,_,q f(x) = v/5.
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One-Sided Limits (1/6)
et e et s

Definitions (1/4):

We write
lim f(x) =1L

xX—>a
and say the left-hand limit of f(x) as x approaches a [or
the limit of f(x)as x approaches a from the left] is equal to
L if we can make the values of f(x) arbitrarily close to L
by taking x to be sufficiently close to a with x less than a.
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One-Sided Limits (1/6)
et e et s

Definitions (2/4):

We write
lim f(x) =1L
x—at

and say the right-hand limit of f (x) as x approaches a [or
the limit of f(x)as x approaches a from the right] is equal
to L if we can make the values of f(x) arbitrarily close to L
by taking x to be sufficiently close to a with x greater than
a.
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@ One-Sided Limits (1/6)

elibuoil lSilly Sluwlall duls

Definitions (3/4):

y A 74
N
\_// W rn \/
fila): B L )
\ J > \ Y, >
0 X — a X 0 a «—— X X
(@) lim f(x)=L (b) lim f(x)=L
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One-Sided Limits (1/6)
Lt

Definitions (4/4):

We see that
lim f(x) =L ifandonly if

X—a
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) One-Sided Limits (2/6)
e i Sl s

Example 1:

Show that 1irr(1) f(x) is exist, where f(x) = |x]|.
X—
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One-Sided Limits (2/6)
e e

Example 1:

Show that lin% f(x) is exist, where f(x) = |x]|.
X—

VA

lim f(x) =0 and

x—0"

xlir(r)1+ f(x) =0 then

Iimf(x) =0

x—0
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D One-Sided Limits (3/6)
et i et 4t

Example 2:

Show that 1irr(1) f(x) is doesn't exist, where
X—

fx) =+

©Ahmed Hagag Calculus [:]




D One-Sided Limits (3/6)
et i et 4t

Example 2:

Show that 1irr(1) f(x) is doesn't exist, where
X—

(0, x<0 YA
f(x) =1
1, x=0 1%
() >
0 t
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One-Sided Limits (3/6)
gy

Example 2:

Show that lin% f(x) is doesn't exist, where
X—

,
f(x) =1 ot Jim f(x) =0 and
\ 1, x=0
VA xll)r51+ f(x) =1 then
1 %
lirr(1) f(x) Is doesn't exist
o > X
0 t
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D One-Sided Limits (4/6)
et i et 4t

Example 3:

X
Show that liII(l) f(x) is doesn't exist, where f(x) = lx—l
X—
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One-Sided Limits (4/6)
e S

Example 3:

X
Show that liII(l) f(x) is doesn't exist, where f(x) = lx—l
X—
( 1, x>0 e x>0
Fo) = R
\—1 , x <0 Ao A
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IR e —————
Example 3:

(1, x>0 f[th
OES -
\_1 ) X < O |l © /
f=1
) -
B RN ‘
O
fxy=-1
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{ ¥
——t L

Example 3:
(1, x>0 f[th
fx) =+ ——
\_1 , X< 0 1© ’/
foo=1
lim f(x) =—-1 and
x—0~ | (1) x
S A

xlir(r)1+ f(x) =1 then

lim f(x) Is doesn't exist f=-1

x—0
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One-Sided Limits (5/6)
gy

Example 4.

For the function f graphed in the accompanying figure,

2]

Find
a) lim f(x)
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One-Sided Limits (5/6)
gy

Example 4.

For the function f graphed in the accompanying figure,

2]
Find 1
a) lim f(x) _
X—2~
— 9 /'/D . &
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One-Sided Limits (5/6)
gy

Example 4.

For the function f graphed in the accompanying figure,

2
Find 1
b) lim f(x) '
x—2t
1 0 1 b 3 4 5
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One-Sided Limits (5/6)
gy

Example 4.

For the function f graphed in the accompanying figure,

7]
Find 1
b) lim f(x) '
x—2t
— 0 /'/D | &
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One-Sided Limits (5/6)
gy

Example 4.

For the function f graphed in the accompanying figure,

2
Find 1
c) lim f(x) _
X—2
1 0 1 b 3 4 5
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One-Sided Limits (5/6)
gy

Example 4.

For the function f graphed in the accompanying figure,

2]

Find
c) lim f (x)

= doesn’t exist - - O
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One-Sided Limits (5/6)
gy

Example 4.

For the function f graphed in the accompanying figure,

2]
Find 1
d) f(2) |
/’/D
-1 0 1 he E 4 5
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One-Sided Limits (5/6)
gy

Example 4.

For the function f graphed in the accompanying figure,

7]
Find 1
d) f(2) |
= 2 —
-1 0 1 b '3 4 5
1|
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One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find

A AN

> X
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One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find

KA IR ZN,
=1

> X
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One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find

b) lim f(x) =i ? /\

> X

©Ahmed Hagag Calculus 85




One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find

b) lim f(x) 2~ p /\
x—=0"
do not exist 1 ~—
\ o
' I |

©Ahmed Hagag Calculus 86
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One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find

= B AN

> X
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One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find

e AN
=1

> X
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One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find

c) lim f(x) 21 . /\

> X
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One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find

c) lim f(x) 21 . /\
=1

> X
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One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find

=AU AN

> X
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One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find

TR AN
=1

> X
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One-Sided Limits (6/6)

elibuoil lSilly Sluwlall duls

Example 5:

For the function f graphed in the accompanying figure,

Find
d) f(2)

(B
I
>.

> X
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One-Sided Limits (6/6)
by

Example 5:

For the function f graphed in the accompanying figure,

Example 3:
Find For the function f graphed in the accompanying figure,
d) £(2)
= 7 Find

d) £(2)

=2

©Ahmed Hagag Calculus 94




Finding Limit (1/7)

elibuoil lSilly Sluwlall duls

Special Trigonometric Limits (1/3)

. Sinx
lim =1

x—>0 X VA
| o Sin x
/—l*

©Ahmed Hagag Calculus 95




Finding Limit (1/7)

elibuoil lSilly Sluwlall duls

Special Trigonometric Limits (2/3)

. Sinx
lim =1

x-0 X NA
;= Sinx
| y= p
sin x /\

<1

cosx <
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Finding Limit (1/7)

elibuoil lSilly Sluwlall duls

Special Trigonometric Limits (3/3)

. Sinx
lim =1

x—=0 X L~\\:u
~sinx
: Sl
If a, b are constants / \

. sinax a
im = —
x-0 bx b . .

©Ahmed Hagag Calculus 97




D Finding Limit (2/7)
e i

Example 1: Evaluate the following limit (1/2)

sin 5x

lim
x—0 X

If a, b are constants

. sinax a
Im = —
x-0 bx b
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D Finding Limit (2/7)
e i

Example 1: Evaluate the following limit (2/2)

sin 5x sin 5x
lim =5-<lim >=5-1=5
x—0 X x—0 5x

If a, b are constants

. sinax a
Im = —
x-0 bx b
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D Finding Limit (3/7)
e i Sl s

Example 2: Evaluate the following limit (1/2)

Sin x

lim
x-0 b5x

If a, b are constants

. sinax a
Im = —
x-0 bx b
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Finding Limit (3/7)
e i Sl s

Example 2: Evaluate the following limit (2/2)
sinx 1 ( sin x) 1 1

Im ——=g\Im—)=z-1=¢

If a, b are constants

. sinax a
Im = —
x-0 bx b
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Finding Limit (4/7)

——t L -

Special Trigonometric Limits

~ tanx
lim =1
x—0 X

_ sin x ~Sinx 1
= lim lim - lim
x-0 XCOSX x-0 X x-0 COSX

1-1=1

©Ahmed Hagag Calculus
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Finding Limit (5/7)

elibuoil lSilly Sluwlall duls

Special Trigonometric Limits

1 —cosx o
lim = () Multiplying by the
x—0 X conjugate

;fN -nlz/o’ ™2 m 3m/2
~1
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Finding Limit (6/7)
et i et 4t

Oscillating Behavior (1/3): Limit doesn’t exist

. . A R
Find lim sin — if it exists.
x—0 X
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Finding Limit (6/7)
e i Sl s

Oscillating Behavior (2/3): Limit doesn’t exist
y
T A !
Find lim sin— if it exists. [ — 1}
x—0 X f(x) = sin -
1 /
lim sm doesn't exist: ﬂ [\
x—0
f (x) oscillates between two  — i =

fixed values {1, —1} as x
approaches 0. \/ U
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Finding Limit (6/7)

elibuoil lSilly Sluwlall duls

Oscillating Behavior (3/3): Oscillate between 1 and -1
Infinitely often as x approaches 0

lim sin(7t/x) does not exist.
xX—0

| y = sin(7r/x)

I~
v/

106

1
— o om— o— — ]

_—

©Ahmed Hagag Calculus



Finding Limit (7/7)
e i

Unbounded Behavior (1/4): Limit doesn’t exist

. . 1 ... .
Find lim — if it exists.
x>0 X
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Finding Limit (7/7)

——t L -

Unbounded Behavior (2/4):

Limit doesn’t exist

Find lim — if it exists.

x>0 Xx*
. |
x2
*1 |
*0.5 4
+0.2 25
+0.1 100
+0.05 400
+0.01 10,000
*0.001 1,000,000
©Ahmed Hagag
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Finding Limit (7/7)
e i

Unbounded Behavior (3/4): Limit doesn’t exist
: : 1 .. :
Find lim — if it exists.
x—>0 X
1 You can see that as x approaches 0
X — from either the right or the left, f(x)
X . .
- 1 Increases without bound.
+0.5 4
+0.2 25 Because f (x) does not become
+0.1 100 arbitrarily close to a single number L
+0.05 400 as x approaches 0, you can conclude
=0.01 10,000 that the limit does not exist.
+0.001 1,000,000
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Finding Limit (7/7)
e S

Unbounded Behavior (4/4): Limit doesn’t exist

. . 1 ... .
Find lim — if it exists.
x>0 X

To Indicate the kind of behavior
exhibited In this example, we use
the notation

1
Iim — = @
x—0 x
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Infinite Limits (1/6)

elibuoil clsilly Cilulall dgls

Definition (1/2): y A
Let f be a function defined on both sides y=f(x)
of a, except possibly at a itself. Then
\ >
lim f(x) = o \_i/ a T X

means that the values of f(x)can be
made arbitrarily large (as large as we
please) by taking x sufficiently close to
a, but not equal to a.
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elibuoil clsilly Cilulall dgls

Definition (2/2): A

Let f be a function defined on both sides

of a, except possibly at a itself. Then

AN

Infinite Limits (1/6)

lim f(x) = —o0 — o0

X—>d

means that the values of f(x) can
made arbitrarily large negative by tak

be
INg

x sufficiently close to a, but not equal to

a.

©Ahmed Hagag Calculus
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Infinite Limits (2/6)

e sl8ily Oilewlnll dds

One-Sided (1/2):

YA YA

/ |

N[

=Y
-]
[
/M

(a) lIm f(x)=co (b) lim+ f(x)=c0

xX—=a X—a
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Infinite Limits (2/6)

e sl8ily Oilewlnll dds

One-Sided (2/2):

YA YA

\\ /
0 a ; 0 a ;
(©) lim f(x)=—c () lim f(x)=—c0

©Ahmed Hagag Calculus 114




elibuoil lSilly Sluwlall duls

Example 1:

flx) =

lim f(x) = lim

x—0t x—0t

lim f(x) = lim

x—0~ x—0~

R R

@ Infinite Limits (3/6)

You can get as high
as you want by
taking x close enough
to 0. No matter how
high B 1s, the graph
goes higher.

h
|
ot | =

I o

|

& > X
X

No matter how
low —B 1s, the
graph goes lower.

You can get as low as|\|  —B

you want by taking
x close enough to 0.

©Ahmed Hagag
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Infinite Limits (4/6)

e sl8ily Oilewlnll dds

Al
Example 1: 1
Find lim f(x), where T
.x_}_z : 4 4+
: T 1r.-'=§
£(x) 3x + 2 4+ 2
X) = e
2x + 4 ————+ St
R e
=2 [T
x approaches —2 from left x approaches —2 from right
x | -21 -200 -2000 20001 1999  -1999  -199  -19

fr) | 215 2015 20015 200015 199985 19985 1985 I8
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Infinite Limits (4/6)

e sl8ily Oilewlnll dds

Example 1:

Find lim f(x), where y =50

x—>—=2

3x + 2
) = 372

x | 21 AN2000 20000 -1999  -1999  -199  -19
fr) | 215 2015 20015 200015 199985 19985 1985 I8
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Infinite Limits (4/6)

e sl8ily Oilewlnll dds

Example 1:
Find xE}rEZ f(x), where

-2

im f(x) = <.

xli)r_%+ f(x) = —ox, lim_ Z :[ i does not exist.
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D Infinite Limits (5/6)
et i Sl s

Example 2:

Find lim tan x.
X—1/2
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Infinite Limits (5/6)

e sl8ily Oilewlnll dds

Example 2:

Find lim tan x.
X—1/2

el _ m 27
2
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Infinite Limits (5/6)

elibuoil lSilly Sluwlall duls

Example 2:

Find lim tan x.
X—1/2

lim tanx = +c and
X—T/2~

lim tanx = —oo then | 0
x-om/2t o7 _m g S

lim tanx is doesn’t exist
X—1/2
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D Infinite Limits (6/6)
et i Sl s

Example 3:

Find lim Inx.
x—-07t
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@ Infinite Limits (6/6)
ey

Example 3:

Find lim Inx. VA
x—0Tt

V

-
0 1 X
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@

Infinite Limits (6/6)

——t L

Example 3:

Find lim Inx.
x—-07t

lim Inx = —0
x—07t

V

©Ahmed Hagag
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D Continuity (1/5)
et i Sl s

Definition:

A function f Is continuous at a number a If

lim f(x) = f(a) y4 v = F)
f(x) l
approaches + f(a)
fla). I
0 Ca X
As x approaches a,
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Continuity (2/5)
et i Sl s

Definition:

A function f Is continuous at a number a If

lim f(x) = f(a)

1. f(a) is defined (that is, a Is in the domain of f ),

2. lim f(x) exists,

X—a

3. lim f(x) = f(a).
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@ Continuity (3/5)

——t L

f isnot continuousatx = ¢
C fle) s l
| not defined. :
l Q
. cremovable
I( } )I » X
a C b
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@ Continuity (3/5)

elibuoil lSilly Sluwlall duls

fisnotcontinuousatx = ¢’

2

|

|

|

|

lim f(x) |
X—>¢ _ |
does not exist. |
|

|

|

|

.

_—

c jJump

| })-x
b

Q-T~"~"~-"—-—-~-~--

C
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@ Continuity (3/5)

ey
f isnot continuousatx = ¢

3

lim f(x) # f(c)

X—C

'{ | \
\ , );-—x
a b
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Continuity (3/5)

elibuoil lSilly Sluwlall duls

f Isnot continuous at x = a

4

y=f(x)

\ .
7 P
If the graph of a function f has e
a vertical asymptote at x = q,

then f is not continuous at a. a infinte

©Ahmed Hagag Calculus 130




D Continuity (4/5)
et i et 4t

Example 1:

Is the following functions discontinuous?
2—x—=2

x — 2

flx) = =
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Continuity (4/5)
et i et 4t

Example 1:

Is the following functions discontinuous?
2—x—=2

x — 2

flx) = =

Notice that £(2) is not defined,

so f is discontinuous at x = 2.
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Continuity (4/5)

elibuoil lSilly Sluwlall duls

Example 1:
Is the following functions discontinuous?

2—x—2 VA
x — 2

flx) = =

Notice that £(2) is not defined,
so f is discontinuous at x = 2. /
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) Continuity (5/5)
et i Sl s

Example 2:

Is the following functions discontinuous?

(1
f(x):<x—21fx#0
1 it x=20

\
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Continuity (5/5)

{ g
——t L

Example 2:

Is the following functions discontinuous?

f) =

(1
X
1 it x=20

\

©Ahmed Hagag
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) Continuity (5/5)
et i Sl s

Example 2:

Is the following functions discontinuous?

(1
f(x):<x—21fx#0
1 it x=20

\

f 1s discontinuous at x = 0.

lim f(x) = lim — does not exist.

x—0 x—0 x
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D Video Lectures
e i et 3

All Lectures: https://www.youtube.com/playlist?list=PLxlve-MG0sBakS! PPAVJpebKDLo-iiEC

| ecture #4: https://www.youtube.com/watch?v=yywflled4zbE&list=PLx|vc-
MG0sBakS| PPAVJpebKDLo-ijEChindex=a
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https://www.youtube.com/playlist?list=PLxIvc-MGOs6gkSl_PPAVJpebKDLo-ijEC
https://www.youtube.com/watch?v=yywfUe84z6E&list=PLxIvc-MGOs6gkSl_PPAVJpebKDLo-ijEC&index=5
https://www.youtube.com/watch?v=yywfUe84z6E&list=PLxIvc-MGOs6gkSl_PPAVJpebKDLo-ijEC&index=5

Thank You

Dr. Ahwed Hagag
ahagag(@fci.bu.edu.eg
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